Unlike traditional fixed-wing aircraft, wings, and fins found in nature benefit from flexibility, either of the wing/fin itself or of connecting joints and tissues. A few examples of recent interest include the wings of hoverflies 1 and hummingbirds, 2 and the pectoral fins of bluegill sunfish 3 -all of which operate at high Reynolds numbers (typically 1000 or greater). Many of these biological propulsors exhibit interesting material distributions adapted to the task of flying or swimming. For example, hoverfly wings are equipped with a network of tubular veins that provide structural integrity while allowing a certain amount of compliance, and, in addition, these wings attach to the body at a flexible joint. 1 Presumably, such adaptations promote fitness by allowing optimal mobility of the animal, while being subject to other environmental pressures and constraints (e.g., overall size/weight, durability and biological cost of the material, and limits on metabolic rates). This begs the question: What distribution of elastic material yields optimal propulsive performance? Surprisingly, this question has received little attention in the literature. Alben 4 found the optimal bending rigidity for a wing flapping at a given frequency, but only considered uniform distributions. Shoele and Zhu, 5 in studying insect flight, simulated the aerodynamics of wings having nonuniform flexibility, but only compared three different distributions and did not attempt optimization. Other studies have optimized flapping kinematics over a low-dimensional parameter space, but without regard to the fluid-structure interaction giving rise to the kinematics. 6, 7 Most likely, this question of optimal material distribution has gone unanswered due to the prohibitive cost of performing numerical optimization based on a coupled fluid-structure direct numerical simulation. However, for certain material distributions, 2D small-amplitude analysis can give closed-form solutions for the fluid flow and emergent wing kinematics. 8 Based on this analysis, we develop here a highly efficient numerical method capable of handling arbitrary material distributions. As a first step in addressing the challenging question of optimal wing architecture, we ask: What distribution of chord-wise flexibility maximizes the thrust produced by a flapping wing? High thrust production is important in a number of bio-locomotive scenarios, such as birds obtaining the speeds required to sustain flight, 9 insects overcoming bodyweight during hovering, 10 or generally any flying/swimming animal performing a rapid predation or escape maneuver. [11] [12] [13] Other measures of performance, such as propulsive efficiency, may be more relevant in certain situations 14 (particularly for animals migrating over large distances 15 ) but are not considered here.
The problem setup is diagrammed in Figs. 1(a) and 1(b): we consider a thin wing (chord c) driven at its leading edge with a heaving motion (amplitude A and frequency f ) while translating through a 2D fluid. The far-field fluid velocity U ∞ represents the wing's translational motion (in the opposite direction). To model the high-Reynolds-number flow, we treat the fluid as inviscid, but account for the viscous production of vorticity within boundary layers by allowing the wing to shed a vortex sheet from its trailing edge. 16 The shed vorticity allows forward thrust to be generated. Moreover, a flexible wing can deform as a result of the interaction with the fluid, thereby altering the thrust that is produced.
We choose characteristic length, time, and velocity scales as c/2, 1/ f , and c f /2, respectively, and describe the wing kinematics by the vertical displacement h(x,t). The leading edge is located at x = −1 and the trailing edge at x = 1. To model the wing's deformation, we use the beam equation, 16 which cast in dimensionless form is
Here, ρ and ρ s are the fluid and solid density, respectively (both mass per unit volume), b is the (small) thickness of the wing, and E(x) is the elastic modulus, which we allow to vary along the length of the wing. We have introduced three dimensionless parameters: σ is the reduced driving frequency, R measures the ratio of solid-to-fluid inertia, and S(x) is the dimensionless stiffness as it varies with length. The external load is given by [p], the pressure jump (per unit span) across the wing, which is determined by the surrounding fluid flow. Throughout the paper, we will compare to the case of highly localized flexibility, which can be achieved by fixing a torsional spring (of constant κ) to the leading edge of a rigid wing. 8 In this case, the dimensionless spring stiffness is defined as
To solve for the fluid flow, we use small-amplitude asymptotic theory, 8, 17 valid when both the driving amplitude and the associated vertical velocities are small, i.e., A/c ≪ 1 and f A/U ∞ ≪ 1. The inviscid flow is governed by the incompressible Euler equations, which when linearized in small-amplitude become
Here, U = 2π/σ is the dimensionless free-stream velocity and ϕ = 4(p ∞ − p)/(ρc 2 f 2 ) is the Prandtl acceleration potential, which is simply a normalized (negative) pressure. The flow is subject to no-penetration boundary conditions along the wing surface, and vorticity is shed from the trailing edge (x = 1) according to the Kutta condition.
Equations (4) and (5) and the accompanying boundary conditions can be solved exactly in the case of time-harmonic kinematics. 8, 17 We let h(x,t) = e 2π j t η(x), where j = √ −1 and it is implied the real part in j should be taken. The resulting pressure jump is also time harmonic [p] = e 2π j t P(x) and given by
where the coefficients a n depend linearly on η(x). 8, 17 Coupling this flow with the bending dynamics governed by Eq. (1) yields a linear ordinary differential equation for η(x),
where D = d/dx. The driving at the leading edge is pure heaving, achieved by setting η(−1) = 0.1 and η ′ (−1) = 0, and the trailing edge is a free end, η
(1) = 0. Subject to these boundary conditions, we discretize Eq. (7) through Chebyshev collocation and solve the resulting linear system iteratively using fast Chebyshev differentiation and a preconditioned generalized minimal residual (GMRES) method. Overall, the complexity of the algorithm is O (N log N) , where N is the number of Chebyshev nodes on the wing (typically N = 32 or 64). Once the kinematics and pressure jump are determined, it is a simple matter to calculate the thrust generated by the wing. 8 We define the thrust coefficient as
where ⟨T⟩ is the forward thrust averaged over a flapping period. Due to this normalization, our results will be insensitive to the above choice of driving amplitude, η(−1) = 0.1. To begin with a few simple cases, Fig. 2(a) shows the thrust coefficient as it varies with driving frequency for a rigid wing, a uniformly flexible wing (S = 11), and a wing with a torsional spring (K = 4). Each wing has a solid/fluid mass ratio of R = 1 (this value is, for example, characteristic of many insect wings 18 ). Both the uniformly flexible and the torsional-spring cases show a distinct peak in C T at a resonant frequency of σ = 1.35, with the torsional spring producing greater thrust. The two gray curves show these same cases but with the stiffness doubled, S = 22 and K = 8, respectively, which increases both the frequency of resonance and the value of the peak thrust.
Figure 2(b) shows the thrust coefficient on a logarithmic scale and over a wider range of driving frequencies. While the torsional spring shows only a single peak in thrust, the uniformly flexible wing has a second peak at about σ = 8.8. In Figs. 2(c) and 2(d), we illustrate the kinematics associated with these first and second bending modes, the second showing much larger deformation. In fact, there are infinitely many higher resonant modes, each with larger values of C T . However, at a given driving frequency, the maximum possible thrust coefficient is always achieved by a wing that operates at or near its first resonance. 4 Taking σ = 8.8, for example, even though the wing depicted in Fig. 2(b) shows a large second-resonant peak at this frequency, there exists a stiffer wing that has its first resonance there and that produces an even greater C T . However, these C T values may be unrealistically high, since the small-amplitude assumption becomes more difficult to satisfy at high frequencies and nonlinear saturations can easily manifest. We therefore focus on the regime of moderate driving frequencies (roughly σ < 7), where one can expect the linear theory to have reasonable validity for the driving amplitudes found in nature and/or experiments.
With the cases of uniform and localized flexibility understood, we now allow stiffness to vary along the length of the wing and ask which distribution optimizes forward thrust. To answer this question, we perform numerical optimization (using the Broyden-Fletcher-Goldfarb-Shanno quasi-Newton method 19 ) over uniform, linear, quadratic, and cubic distributions of S(x), each of which better approximates an arbitrary distribution. The optimization is performed at each driving frequency individually, and we set R = 1 in all cases. Figure 3(a) shows the optimal C T achieved for each type of distribution. As seen in the figure, a uniform wing of optimal stiffness outperforms the rigid wing by a significant margin, especially at high frequencies. An optimally chosen linear distribution does even better, improving thrust production by another 30%-40%. The optimal quadratic (not shown) and cubic distributions yield only slight improvements (roughly 1%) over the linear case. Finally, a wing with an optimally chosen torsional spring produces the greatest thrust of all, edging out the cubic distribution by about 2% at most driving frequencies.
Viewing the stiffness distributions that produce these optimal thrust values makes it clear why the torsional spring is the preferred arrangement. In Fig. 3(b) , we show the linear and cubic distributions that are optimal at σ = 1.35 (the first resonant frequency from Fig. 2 ). Both distributions show flexibility concentrated at the front of the wing (x = −1). At this frequency, the optimal uniform stiffness is S = 15.4-much lower than the average values of the linear and cubic distributions. These three cases therefore demonstrate that, as more degrees of freedom are introduced, the optimal wing progressively becomes stiffer on average, but more flexible at the leading edge. Of course, the extreme case of this trend is the torsional-spring arrangement.
In Figs. 3(c) and 3(d), we illustrate the kinematics associated with these optimal stiffness distributions. For the uniform case (S = 15.4), bending occurs along the length of the wing. In contrast, the linear distribution shows a distinct pitching motion, in which the entire wing rotates about the leading edge and very little bending occurs along the length. The kinematics of the cubic and torsional-spring wings (not shown) are indistinguishable from this linear case, which explains why they all produce nearly the same thrust. Comparing Figs. 3(c) and 3(d) , it appears that, while the bending motion increases the wing's vertical displacement only near the trailing edge, the pitching motion allows for larger displacements along the entire wing. Most likely, this sloped surface allows the flow to easily accelerate along it, thus boosting the production of vorticity and thrust.
Our main finding is that the thrust produced by a flexible wing can be substantially improved by focusing flexibility at the front. Figure 3(e) shows this result to be robust when the solid/fluid mass ratio, R, is varied. In the figure, we show the ratio of the thrust produced by the optimal torsional-spring arrangement compared to that produced by the optimal uniform wing, for several values of R. The optimal torsional spring typically generates 20%-60% greater thrust, and this difference is most pronounced for heavy wings (large R) driven at moderate frequencies. Interestingly, the thrust improvement converges to 36% as σ → ∞ in all cases, suggesting this value to be independent of the mass ratio.
The present findings may help understand the architecture of flapping-wing systems found in nature. For example, insect wings pitch passively in order to generate enough lift for hovering, [20] [21] [22] as illustrated in Fig. 4(a) . The pitching motion arises from two types of flexibility: torsional flexibility at the wing-body joint (analogous to the torsional spring in our 2D model) and compliance of the wing surface itself.
1 Further, the center of torsion of the wing surface has been observed to be close to the leading edge. 23 Both mechanisms are therefore consistent with the idea of focusing flexibility near the leading edge to improve performance. In fact, by using an at-scale mechanical model, Tanaka et al.
1 found that making the wing surface rigid and thus focusing all of the flexibility at the torsional joint, increases lift by 17%, which qualitatively matches our findings. It is therefore likely that wing-surface compliance is present in insects for reasons other than maximizing aerodynamic force, such as minimizing weight or allowing a beneficial twist along the span of the wing. 23 We note that comparisons with the present study should be made with caution, since in the regime of hovering (U ∞ → 0 and thus σ → ∞) the small-amplitude approximation loses accuracy, and other effects such as leading-edge vortices are present. Nonetheless, since we found the torsional spring to be the optimal arrangement independent of σ, one might reasonably expect this principle to extend into the hovering regime.
A perhaps more direct application of our findings is to the design of ornithopters inspired by forward bird flight. [24] [25] [26] In such systems, lift is generated by the fixed camber of flapping wings, and it is therefore necessary to generate enough thrust to sustain flight. Existing ornithopter designs exploit wing flexibility in the span-wise direction, but less so in the chord-wise direction. 25 Perhaps this is because during steady flight, such systems operate at low reduced frequencies (σ = 0.1 − 0.2 is typical), where performance is relatively insensitive to chord-wise flexibility (see Fig. 2(a) for example). However, by incorporating a torsional spring into the design, these systems might boost their thrust production during the acceleration phase and thus reduce the time needed to reach steady flight. For a given flapping system, how can one choose the optimal torsional spring stiffness κ o ? A natural starting point is the spring constant that yields resonance κ r . Moore 8 derived a simple formula for the resonant driving frequency, which can be inverted to give the resonant spring constant as
Here, I = ρ s bc 3 /3 is the wing's moment of inertia (rotated about an endpoint) and I a = 9π ρc 4 /128 is the added fluid moment of inertia. However, since the value of the peak thrust varies with stiffness (see Fig. 2(a) ), the wing that produces optimal thrust is not necessarily the one that operates at resonance. In Fig. 4(b) , we show the ratio of the optimal spring stiffness (determined by the numerical optimization) to the resonant stiffness for several mass ratios. In all cases, the optimal wing has the larger spring constant (κ o > κ r ), meaning that it operates below its resonant frequency. To give an example, for σ = 1.35 the optimal wing depicted in Fig. 3(d) has a ratio of κ o /κ r = 1.24 and operates at 90% of resonance. The ratio κ o /κ r converges to unity at high driving frequencies, where optimality and resonance are equivalent, but diverges at low frequencies, where near-rigid wings are optimal.
An attractive extension of the present findings would be to model a three-dimensional wing, so as to include the effects of span-wise flexibility, as well as planform geometry. Using lifting-line theory 27 might render such a method efficient enough so that numerical optimization remains feasible. Interestingly, recent measurements on the span-wise deformations of biological propulsors suggest some advantage to concentrating flexibility near the wing/fin tip, 28 which is in contrast to our findings on chord-wise flexibility. These results taken together suggest a few possibilities: (1) rather than thrust, swimming/flying animals are more inclined to optimize a different quantity, such as propulsive efficiency; (2) wings and fins are simply subject to other biological constraints, such as having enough material at their base for durability; or (3) span-wise and chord-wise flexibility affect flapping propulsion in fundamentally different ways. This last possibility could be explored by optimization tests of 3D wings that vary the two types of flexibility independently.
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